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Abstract
We consider the problem for the classification of static and asymptoti-
cally flat Einstein-Maxwell-dilaton spacetimes with a photon sphere. It is
first proven that the photon spheres in Einstein-Maxwell-dilaton gravity
have constant mean and constant scalar curvature. Then we derive some
relations between the mean curvature and the physical characteristics of
the photon spheres. Using further the symmetries of the dimensionally
reduced Einstein-Maxwell-dilaton field equations we show that the lapse
function, the electrostatic potential and the dilaton field are functionally
dependent in the presence of a photon sphere. Using all this we prove
the main classification theorem by explicitly constructing all Einstein-
Maxwell-dilaton solutions possessing a non-extremal photon sphere.
1 Introduction
Photon spheres are a very important result in the gravitational theories [1]-
[17]. They are closely connected to the strong gravitational lensing [3]-[8] and
the black hole quasi-normal modes [12]-[14], and provide a bridge between them
[13]-[15]. Because of this photon spheres are of great importance to astrophysics.
Furthermore, photon spheres have very interesting mathematical properties in
spite of their simple definition.
There is a physical and mathematical resemblance between event horizons
and photon spheres, which focuses attention on the question whether spacetimes
can be classified using the existence of a photon sphere instead of an event hori-
zon. This has already been done for the vacuum Einstein equations [18],[19],
∗yazad@phys.uni-sofia.bg
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Einstein-scalar field equations [20] and Einstein-Maxwell equations [21, 22], al-
though in general photon sphere uniqueness is a harder problem than event
horizon uniqueness, because a larger class of solutions possesses the former com-
pared to the latter.
The present paper aims to prove a classification theorem for the static and
asymptotically flat solutions of the Einstein-Maxwell-dilaton (EMD) field equa-
tions, containing a photon sphere. This comes as a logical continuation of our
previous works [20, 21], which proved similar theorems for the cases of Einstein-
scalar field and Einstein-Maxwell equations. Some sectors of EMD gravity nat-
urally arise in the context of low energy string theory [23, 24], Kaluza-Klein
gravity [25] and also in some theories with gradient spacetime torsion [26].
2 Definitions and preparation
Let us denote our spacetime manifold by (L4, g). The field equations for Einstein-
Maxwell-dilaton gravity are as follows:
Rµν = 2
g∇µϕ g∇νϕ+ 2e−2αϕ
(
FµβF
β
ν −
gµν
4
FβγF
βγ
)
, (1)
g∇[βFµν] = 0, (2)
g∇β
(
e−2αϕF βµ
)
= 0, (3)
g∇β g∇βϕ = −α
2
e−2αϕFµνF
µν . (4)
We are using the usual notation. Namely, Rµν is the spacetime Ricci tensor, ϕ
is the dilaton field, Fµν is the Maxwell field and α denotes the dilaton coupling
constant.
Static spacetimes can be decomposed as follows. There exist a smooth Rie-
mannian manifold (M3, g) and a smooth lapse function N : M3 −→ R+ such
that
L4 = R×M3, g = −N2dt2 + g. (5)
Staticity of the Maxwell and scalar fields is defined using the timelike Killing
vector ξ = ∂∂t ,
LξF = 0, (6)
Lξϕ = 0. (7)
We will be considering the case with ιξ ⋆ F = 0, i. e. the purely electric case.
We will be proving our theorem for asymptotically flat spacetimes, which are
defined in the following way: A spacetime is asymptotically flat if there exists
a compact set K ∈ M3 such that M3 \K is diffeomorphic to R3 \ B¯, where B¯
is the closed unit ball centered at the origin of R3 and such that
g = δ +O(r−1), N = 1− M
r
+ O(r−2), (8)
with respect to the radial coordinate on R3. In the above expressionM denotes
the mass. Asymptotic expansions of the Maxwell and scalar fields will be given
later.
We will now define the photon surface.
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Definiton 2.1. An embedded timelike hypersurface (P 3, p) →֒ (L4, g) is called
a photon surface if any null geodesic initially tangent to P 3 remains tangent to
P 3 as long as it exists.
The definition of the photon sphere is naturally modified keeping in mind the
cases with Maxwell and scalar fields.
Definiton 2.2. Let (P 3, p) →֒ (L4, g) be a photon surface. Then P 3 is called a
photon sphere if the lapse function N is constant on P 3 and the one-forms ιξF
and dϕ are normal to P 3.
Additionally, we assume that the lapse function N regularly foliates the
exterior to the photon sphere region of spacetime, which has spatial part denoted
by M3ext, i. e.
ρ−2 = g(g∇N, g∇N) 6= 0 (9)
outside the photon sphere. M3 has as inner boundary the intersection Σ of the
outermost photon sphere with the time slice M3. Σ is given by N = N0 for
some N0 ∈ R+. Our assumption implies that all level sets N = const, including
Σ, are topological spheres and M3ext is topologically S
2 × R.
The electric field one-form E is defined by
E = −ιξF (10)
and it satisfies dE = 0, which follows from the field equations and the staticity
of the Maxwell field. As a consequence of the fact thatM3ext is simply connected
there exists an electric potential Φ such that E = dΦ. With the electric field
one-form we can write explicitly an expression for F ,
F = −N−2ξ ∧ dΦ. (11)
From the definition of the photon sphere, E is normal to it and thus Φ is constant
on P 3.
We will now write the asymptotic expansions of the scalar field ϕ and the
electric potential Φ,
ϕ = ϕ∞ − q
r
+O(r−2), (12)
Φ = Φ∞ +
Q
r
+O(r−2), (13)
where q is the scalar charge and Q is the electric charge. We set ϕ∞ = 0 and
Φ∞ = 0.
Using the form of the metric (5) we can obtain the dimensionally reduced
EMD equations,
g∆N = N−1e−2αϕ g∇iΦ g∇iΦ, (14)
gRij = 2
g∇iϕ g∇jϕ+N−1 g∇i g∇jN (15)
+N−2e−2αϕ(gij
g∇kΦ g∇kΦ− 2 g∇iΦ g∇jΦ),
g∇i(N−1e−2αϕ g∇iΦ) = 0, (16)
g∇i(N g∇iϕ) = αN−1e−2αϕ g∇iΦ g∇iΦ. (17)
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Using the maximum principle for elliptic partial differential equations, from
the asymptotic behaviour of N for r →∞ follows that the values of N on M3ext
satisfy
N0 ≤ N < 1. (18)
3 Some important results for the extrinsic and
intrinsic geometry of the photon spheres
We will present here some results that will be used in the proof of the main
theorem later. We start by using a theorem by Claudel-Virbhadra-Ellis [5] and
Perlick [27].
Theorem 3.1. Let (P 3, p) →֒ (L4, g) be an embedded timelike hypersurface.
Then P 3 is a photon surface if and only if it is totally umbilic (i. e. its second
fundamental form is pure trace).
This theorem allows us to write the second fundamental form of P 3 as h = H3 p,
where H is the mean curvature of P 3. This will be used to prove the following
theorem:
Theorem 3.2. Let (L4, g, F, ϕ) be a static, asymptotically flat spacetime, sat-
isfying the EMD equations (14-17) and possessing a photon sphere (P 3, p) →֒
(L4, g). Then P 3 has constant mean curvature (CMC) and constant scalar cur-
vature (CSC).
Proof. To prove the theorem first we have to use the Codazzi equation for
(P 3, p) →֒ (L4, g) with unit normal ν. Straightforward calculations (see for
example [18], [20], [21]) lead to
R(Y, ν) = (1− 3)Y
(
H
3
)
= 0. (19)
We have used the field equations (1) to calculate R(Y, ν) with Y being a tangent
vector to P 3. This shows that P 3 has CMC.
Next we will use the contracted Gauss equation, again for (P 3, p) →֒ (L4, g).
After some simple calculations (similar to [21]) we arrive at
pR =
2
3
H2 − 2(g∇νϕ)2 + e−2αϕ 2
N2
E2ν , (20)
where Eν = ινE. Now to prove that P
3 has CSC we need to prove that Eν =
const and g∇νϕ = const on P 3. Below we show that ν(N) is constant on P 3
and in the next section we show that ϕ and Φ are functions of N . Therefore Eν
and g∇νϕ are constant on P 3. With this the proof is complete.
Next we will obtain relations for the mass, the electric charge and the scalar
charge on the photon sphere. Integrating (16) on M3ext we get
Q = − 1
4π
∫
Σ
N−1e−2αϕ g∇iΦdΣi. (21)
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The same integration is done for (14) and (17). Using the above expression for
the electric charge Q, this gives the following expressions for the mass M and
the scalar charge q:
M =M0 +Φ0Q, (22)
q = q0 + αΦ0Q, (23)
where M0 is the mass of the photon sphere, defined by
M0 =
1
4π
∫
Σ
g∇iNdΣi, (24)
and q0 is the scalar charge of the photon sphere, defined by
q0 =
1
4π
∫
Σ
N g∇iϕdΣi. (25)
Our next step is to compute the second fundamental form h of (Σ, σ) →֒
(M3, g) with unit normal ν. Let X,Y ∈ Γ(TΣ). Then
h(X,Y ) = g(g∇Xν, Y ) = g(g∇Xν, Y ) = h(X,Y ) = H
3
p(X,Y ) =
H
3
σ(X,Y ).
(26)
Thus we see that (Σ, σ) →֒ (M3, g) has CMC,
H =
2
3
H. (27)
We can now use the Codazzi equation for (Σ, σ) →֒ (M3, g). After contrac-
tion and taking into account (27) we get
gR(Y, ν) = 0. (28)
This can be used to prove that ν(N) is constant on Σ. To this end we calculate
the Lie derivative LX(ν(N)),
LX(ν(N)) =2(g∇2N)(X, ν) (29)
=2N(gR(X, ν)− 2 g∇iϕ g∇jϕX iνj −N−2 g∇kΦ g∇kΦe−2αϕgij(X, ν)
+ 2N−2e−2αϕ g∇iΦX i g∇jΦνj)
=0.
For the function N : M3 −→ R and the embedding (Σ, σ) →֒ (M3, g) we
have
g∆N = σ∆N + g∇2N(ν, ν) + σtr(h)ν(N). (30)
This can be used in combination with the contracted Gauss equation for (Σ, σ) →֒
(M3, g),
gR− 2 gR(ν, ν) = σR− H
2
2
, (31)
5
and the field equations (14-17) to yield
N σR = −2N(g∇νϕ)2 + 2Hν(N) + 1
2
NH2 + 2N−1e−2αϕE2ν . (32)
Now we integrate (32) on Σ and use the Gauss-Bonnet theorem, which leads to
N0 =
1
4π
N−10 e
−2αϕ0E2νAΣ +
1
16π
N0H
2AΣ +
1
4π
H [ν(N)]0AΣ − 1
4π
N0(
g∇νϕ)2AΣ.
(33)
To derive the next formula we start by applying the contracted Gauss equa-
tion to (Σ, σ) →֒ (P 3, p) with unit normal η. This gives
pR+ 2 pR(η, η) = σR. (34)
For the metric (5) pR(η, η) = 0 and remembering (20) we arrive at
σR =
3
2
H2 − 2(g∇νϕ)2 + e−2αϕ 2
N2
E2ν . (35)
Once again we integrate on Σ,
8π =
3
2
H2AΣ − 2(g∇νϕ)2AΣ + 2
N20
e−2αϕ0E2νAΣ. (36)
From (33) and (36) we get
2[ν(N)]0 =
2
ρ0
= N0H (37)
and
N0 =
1
4π
e−2αϕ0N−10 E
2
νAΣ −
1
4π
N0(
g∇νϕ)2AΣ + 3
8π
H [ν(N)]0AΣ. (38)
From (36) and (37) we can derive one more useful relation
1 =
1
4π
H2AΣ − 1
4π
[
N−20 [ν(N)]
2
0 + (
g∇νϕ)2 − e−2αϕ0N−20 E2ν
]
AΣ. (39)
4 Symmetries of the dimensionally reduced EMD
equations, divergence identities and functional
dependence between the potentials
In order to make the symmetries of the dimensionally reduced equations more
transparent we rewrite equations (14-17) using a new 3-metric γij on M
3
ext,
γij = N
2gij , (40)
and a new function u such that N2 = e2u. We get the following equations:
γRij = 2DiuDju+ 2DiϕDjϕ− 2e−2u−2αϕDiΦDjΦ, (41)
DiD
iu = e−2u−2αϕDiΦD
iΦ, (42)
DiD
iϕ = αe−2u−2αϕDiΦD
iΦ, (43)
Di(e
−2u−2αϕDiΦ) = 0, (44)
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where D denotes the covariant derivative in the metric γ. An even more conve-
nient form of the equations can be obtained if we use the following potentials:
U = u+ αϕ, Ψ = ϕ− αu, Φˆ =
√
1 + α2Φ. (45)
Then the field equations become
γRij =
1
1 + α2
(2DiUDjU − 2e−2UDiΦˆDjΦˆ + 2DiΨDjΨ), (46)
DiD
iU = e−2UDiΦˆD
iΦˆ, (47)
DiD
iΨ = 0, (48)
Di(e
−2UDiΦˆ) = 0. (49)
The above equations can be regarded as a 3-dimensional gravity coupled to
a non-linear σ-model parameterized by the scalar fields φA = (U,Ψ, Φˆ) with a
target space metric
GABdφ
AdφB =
1
1 + α2
(dU2 + dΨ2 − e−2UdΦˆ2). (50)
The Killing vectors for this metric are
K(1) = −2Φˆ ∂
∂U
− e2U (e−2U Φˆ2 + 1) ∂
∂Φˆ
, (51)
K(2) = − ∂
∂U
− Φˆ ∂
∂Φˆ
, (52)
K(3) = − ∂
∂Φˆ
, (53)
K(4) =
∂
∂Ψ
. (54)
The corresponding Killing one-forms are given by
K
(1)
A dφ
A = −2ΦˆdU + (1 + e−2U Φˆ2)dΦˆ, (55)
K
(2)
A dφ
A = −dU + e−2U ΦˆdΦˆ, (56)
K
(3)
A dφ
A = e−2UdΦˆ, (57)
K
(4)
A dφ
A = dΨ. (58)
Using the fact that K
(a)
A dφ
A are Killing one-forms for the metric GAB and
taking into account the equations for φA one can show that the following diver-
gence identities are satisfied:
Di(K
(a)
A D
iφA) = 0. (59)
Integrating these equations on M3ext is straightforward for each of the Killing
one-forms (55 - 58) and taking into account the asymptotic behaviour of the
potentials φA we obtain one new functional relation between the potentials on
Σ,
e2U0 = 1 + Φˆ20 −
2(M + αq)
Qα
Φˆ0, (60)
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where Qα =
√
1 + α2Q, in addition to the already known relations (22,23).
We will next prove that relation (60) holds on the whole M3ext. To do this
consider the equality
e2Uωiω
i = Di
[(
e2U − 1 + Φˆ
(
−Φˆ + 2M
Qα
+
2αq
Qα
))
ωi
]
, (61)
which follows from the field equations and where
ωi = 2DiU + 2e
−2U
(
−Φˆ + M
Qα
+
αq
Qα
)
DiΦˆ. (62)
Integrating the above we get∫
M3ext
e2Uωiω
idµ =
∫
M3ext
Di
[(
e2U − 1 + Φˆ
(
−Φˆ + 2M
Qα
+
2αq
Qα
))
ωi
]
dµ (63)
=
∫
S2
∞
(
e2U − 1 + Φˆ
(
−Φˆ + 2M
Qα
+
2αq
Qα
))
ωidΣi
−
∫
Σ
(
e2U − 1 + Φˆ
(
−Φˆ + 2M
Qα
+
2αq
Qα
))
ωidΣi
=0,
where we have used the asymptotic behaviour of the potentials and equation
(60). It follows that ωi = 0 on M
3
ext and thus
e2U − 1− Φˆ2 + 2(M + αq)
Qα
Φˆ = 0. (64)
The next step is to obtain yet another relation between the potentials. To
do this we introduce a new potential ζ, such that
dζ = −e−2UdΦˆ, ζ∞ = 0. (65)
Since U and Φˆ are not independent, ζ can be used to simplify the field equations
even more. We can use ωi2 = 0 and (64) to show that
DiUDjU =
[
e−2U − e−4U + e−4U
(
M
Qα
+
αq
Qα
)2]
DiΦˆDjΦˆ. (66)
Then, with the new potential ζ, equations (46-49) take the following form:
γRij =
2
1 + α2
[
DiΨDjΨ+
[(
M
Qα
+
αq
Qα
)2
− 1
]
DiζDjζ
]
, (67)
DiD
iΨ = 0, (68)
DiD
iζ = 0. (69)
Now let Ji = ζDiΨ−ΨDiζ. From the field equations follows that DiJ i = 0.
Integrating this overM3ext with the asymptotic behavior of ζ and Ψ in mind, we
get
ζ0(q0 − αM0)−Ψ0Qα = 0 (70)
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on Σ. This can be extended to the whole of M3ext just like (60). In this case we
use ωi = (αM0 − q0)Diζ −QαDiΨ, which satisfies
ωiω
i = Di
[
[(αM0 − q0)ζ −QαΨ]ωi
]
. (71)
After integration we find that ωi = 0 which gives the desired functional depen-
dence, namely
(q0 − αM0)ζ −QαΨ = 0. (72)
Using (72) we can rewrite the field equations in the form
γRij =
2
1 + α2
(
M2 + q2
Q2
− 1
)
DiζDjζ, (73)
DiD
iζ = 0. (74)
It is not difficult to see that φA(ζ) = (U(ζ),Ψ(ζ), Φˆ(ζ)) is a geodesic of the
metric (50) with
GAB
dφA
dζ
dφB
dζ
=
1
1 + α2
(
M2 + q2
Q2
− 1
)
. (75)
Depending on the ratio M
2+q2
Q2 we have three types of geodesics, which will
be called ”timelike” forM2+ q2 > Q2, ”null” forM2+ q2 = Q2 and ”spacelike”
for M2 + q2 < Q2.
5 Classification of EMD spacetimes with a pho-
ton sphere
In our previous paper [21] we defined the notion of a non-extremal photon
sphere. A photon sphere is non-extremal if 14piH
2AΣ 6= 1. In the case of EMD
gravity this condition, as it can easily be shown, is equivalent toM2+q2−Q2 6=
0. Here we shall consider only non-extremal photon spheres. The first main
result of the present paper is the following theorem:
Theorem 5.1. Let (L4ext, g, F, ϕ) be a static and asymptotically flat space-
time with given mass M , electric charge Q and dilaton charge q, satisfying
the Einstein-Maxwell-dilaton equations and possessing a non-extremal photon
sphere as an inner boundary of L4ext. Assume that the lapse function regularly
foliates L4ext. Then (L
4
ext, g, F, ϕ) is spherically symmetric.
Proof. In proving the theorem we shall follow [20] and [21] with some technical
modifications.
Case M2 + q2 > Q2
We first consider the case corresponding to ”timelike” geodesics of the target
space metric when M2 + q2 − Q2 > 0 and introduce a new potential λ, such
that
λ =
√(
M2 + q2
Q2
− 1
)
1
1 + α2
ζ. (76)
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From the definition of λ and eq. (65) it is easy one to show that λ has the
following asymptotic behaviour:
λ = −
√
M2 + q2 −Q2
r
+O(r−2). (77)
The fact that λ is harmonic with the above asymptotic behaviour shows that
λ < 0 on M3ext.
Now we will use the inequalities [20, 21]∫
M3ext
Di
[
Ω−1(ΓDiχ− χDiΓ)
]√
γd3x ≥ 0 (78)
and∫
M3ext
Di
(
Ω−1Diχ
)√
γd3x ≥
∫
M3ext
Di
[
Ω−1(ΓDiχ− χDiΓ)
]√
γd3x, (79)
where
χ =
(
γijDiΓDjΓ
) 1
4 , Γ = − tanh(λ), Ω = 1
cosh2(λ)
. (80)
What is important here is the fact that the equalities in (78) and (79) hold
if and only if the Bach tensor R(γ)ijk vanishes.
After long algebra and with the help of the Gauss theorem one can show
that the first inequality (78) is equivalent to
(
d ln(N)
dλ
)
0
≥ −1
2
coth(λ0), (81)
while the second inequality (79) gives
e2λ0 ≥ (M2 + q2 −Q2)−1/2 N20 ρ0
(
d ln(N)
dλ
)
0(
2
(
d ln(N)
dλ
)
0
+ 1
)2 . (82)
Here the subscript ”0” means that the corresponding quantity is evaluated
on the photon sphere. In order to further simplify (82) we make use of the
following equality:
N20 ρ0
(
d ln(N)
dλ
)
0
=
(
M2 + q2 −Q2)1/2
[
4
(
d ln(N)
dλ
)2
0
− 1
]
, (83)
which can be derived by using the results in section 3 and (75). With this
equality taken into account, the inequality (79) becomes
(
d ln(N)
dλ
)
0
≤ −1
2
coth(λ0). (84)
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Therefore we have
(
d ln(N)
dλ
)
0
= −1
2
coth(λ0) (85)
and we conclude that the Bach tensor vanishes, R(γ)ijk = 0. This means that
the metric γij is conformally flat. As a direct consequence from (40) it follows
that the metric gij is also conformally flat or equivalently
R(g)ijk = 0. (86)
Since the lapse function N regularly foliates M3ext, we can write the metric
gij in the form
g = ρ2dN2 + σABdx
AdxB , (87)
where σAB is the 2-dimensional metric on the 2-dimensional intersections ΣN of
the level sets N = const with M3ext. Let us denote the second fundamental form
of (ΣN , σ) →֒ (M3, g) by hΣNAB and its trace by HΣN . After long calculations
and with the help of the dimensionally reduced field equations we find
R(g)ijkR(g)
ijk =
8(1 + α2)2
N4ρ4
(
M2+q2
Q2 − 1
)2
[√
e2U +
(
M+αq
Qα
)2
− 1 + α
(
αM−q
Qα
)]4 × (88)
[(
hΣNAB −
1
2
HΣNσAB
)(
hΣN AB − 1
2
HΣNσAB
)
+
1
2ρ2
σAB∂Aρ∂Bρ
]
.
Since R(g)ijk = 0 and M
2 + q2 > Q2 we can conclude that
hΣNAB =
1
2
HΣNσAB , ∂Aρ = 0. (89)
Therefore the metric gij is spherically symmetric. The same applies to the
metric γij . Let us also note that Eq. (85) is just the equation for the photon
sphere for M2 + q2 > Q2 and it arises naturally in our approach.
Case M2 + q2 < Q2
In the case under consideration we will use the potential λ =
√(
1− M2+q2Q2
)
1
1+α2 ζ
with asymptotic
λ = −
√
Q2 −M2 − q2
r
+O(r−2). (90)
One can also show that −pi2 < λ < 0 on M3ext. As in the previous case we
consider the inequalities (78) and (79), but this time with different functions Γ
and Ω, namely
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Γ = − tan(λ), Ω = cos−2(λ). (91)
Following the same steps as in the previous case one can show that the first
inequality reduces to
(
d ln(N)
dλ
)
0
≥ −1
2
cot(λ0) (92)
while the second inequality (79) gives
(
d ln(N)
dλ
)
0
≤ −1
2
cot(λ0). (93)
Hence we conclude that(
d ln(N)
dλ
)
0
= −1
2
cot(λ0) (94)
and thereforeR(γ)ijk = 0 which means that γij and gij are conformally flat. The
same argument as in the previous case shows that gij is spherically symmetric.
Let us also note that (94) is the equation for the photon sphere in the case under
consideration.
The second main result of this paper is the explicit classification of the
static and asymptotically flat Einstein-Maxwell-dilaton spacetimes possessing a
photon sphere. In order to simplify the equations we will use a new parameter
Mα, defined by
Mα =M + αq. (95)
It is also useful to give the following formula
M2 + q2 −Q2 = 1
1 + α2
[
M2α −Q2α + (q − αM)2
]
. (96)
The derivation of the solutions, possessing a photon sphere, is as follows.
Case M2 + q2 > Q2
In this case the dimensionally reduced field equations (73) become
γRij = 2DiλDjλ,
DiD
iλ = 0. (97)
These equations are in fact the static vacuum Einstein equations written in
terms of the metric γij with an effective lapse function Neff = e
λ having
an effective mass Meff =
√
M2 + q2 −Q2 as follows from (77). Since the
Schwarzschild solution is the only static and spherically symmetric solution to
the vacuum Einstein equations, we find
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e2λ = 1− 2
√
M2 + q2 −Q2
r
, (98)
γijdx
idxj = dr2 + e2λr2(dθ2 + sin2 θdφ2). (99)
The spacetime metric is therefore
ds2 = −N2dt2 +N−2 [dr2 + e2λr2(dθ2 + sin2 θdφ2)] . (100)
In order to obtain the lapse function N , the electrostatic potential Φ and
the dilaton field ϕ we have to integrate eq.(65) and take into account eq.(72).
Depending on Mα and Qα we have three classes of solutions.
1) The first class of solutions is obtained forM2α > Q
2
α and the lapse function
N , the electrostatic potential Φ and the dilaton field ϕ are given by
N2 =
[
4
(
1− Q
2
α
M2α
)] 1
1+α2 e
2
1+α2
√
M2α−Q
2
α−α(q−αM)√
M2+q2−Q2
λ
[
1 +
√
1− Q2αM2α −
(
1−
√
1− Q2αM2α
)
e
2
√
M2α−Q
2
α
M2+q2−Q2
λ
] 2
1+α2
,
Φ =
Q
Mα
1− e2
√
M2α−Q
2
α
M2+q2−Q2
λ
1 +
√
1− Q2αM2α −
(
1−
√
1− Q2αM2α
)
e
2
√
M2α−Q
2
α
M2+q2−Q2
λ
, (101)
e2ϕ =
[
4
(
1− Q
2
α
M2α
)] α
1+α2 e
2
1+α2
α
√
M2α−Q
2
α+(q−αM)√
M2+q2−Q2
λ
[
1 +
√
1− Q2αM2α −
(
1−
√
1− Q2αM2α
)
e
2
√
M2α−Q
2
α
M2+q2−Q2
λ
] 2α
1+α2
.
It is not difficult to show that for this class of solutions the equation for the
photon sphere (85) has solutions only when the parameters M , Q and q are
subject to the inequality
√
M2α −Q2α + α (αM − q) >
1
2
√
1 + α2
√
M2α −Q2α + (q − αM)2. (102)
An important subclass of solutions are the black hole solutions. The EMD
black hole solutions correspond to α
√
M2α −Q2α = αM − q. It is easy to see
that the above inequality is satisfied for the black hole solutions and therefore
the EMD black holes always possess a photon sphere.
2) The second class of solutions is obtained for M2α = Q
2
α and we have
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N2 =
e
− 2εα√
1+α2
λ
[
1 + ε
√
1 + α2M+αqαM−qλ
] 2
1+α2
,
Φ =
εM+αqαM−qλ
1 + ε
√
1 + α2M+αqαM−qλ
, (103)
e2ϕ =
e
− 2ε√
1+α2
λ
[
1 + ε
√
1 + α2M+αqαM−qλ
] 2α
1+α2
,
where ε = (q − αM)/|q − αM |. The equation for the sphere (85) has solutions
only when M and q are subject to the inequality
α(αM − q) > 1
2
√
1 + α2|q − αM |. (104)
3) The third class of solutions is for M2α < Q
2
α and we have
N2 =
(
1− M
2
α
Q2α
) 1
1+α2 e
2α
1+α2
(αM−q)√
M2+q2−Q2
λ
cos
2
1+α2

√ Q2α−M2α
M2+q2−Q2 λ+ arctan

 MαQα√
1−M
2
α
Q2α




, (105)
Φ =
1√
1 + α2

Mα
Qα
−
√
1− M
2
α
Q2α
tan


√
Q2α −M2α
M2 + q2 −Q2λ+ arctan

 MαQα√
1− M2αQ2α





 ,
e2ϕ =
(
1− M
2
α
Q2α
) α
1+α2 e
− 2
1+α2
(αM−q)√
M2+q2−Q2
λ
cos
2α
1+α2

√ Q2α−M2α
M2+q2−Q2λ+ arctan

 MαQα√
1−M
2
α
Q2α




.
The equation for the photon sphere (85) possesses solutions only for M , Q and
q subject to the inequality
α(αM − q) +
√
Q2α −M2α tan
[√
1 + α2
√
Q2α −M2α√
M2α −Q2α + (q − αM)2
+ arctan
(
Mα√
Q2α −M2α
)]
≥ −1
2
√
1 + α2
√
M2α −Q2α + (q − αM)2 coth(λc), (106)
where the critical value λc of λ is given by
tanh(λc) =
√
M2α −Q2α + (q − αM)2
Q2α −M2α + (1 + 2α2)(q − αM)2
{
α
√
1 + α2(αM − q)
− 1√
2
√
α2[M2α −Q2α + 3(q − αM)2] +Q2α −M2α + (q − αM)2
}
. (107)
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Case M2 + q2 < Q2
In this case the dimensionally reduced equations become
γRij = −2DiλDjλ,
DiD
iλ = 0. (108)
Solving these equations for spherically symmetric space and taking into account
(90) we find
λ = arctan
(√
Q2 −M2 − q2
r
)
, (109)
γij = dr
2 + (r2 +Q2 −M2 − q2)(dθ2 + sin2 θdφ2). (110)
The 4-dimensional metric is then
ds2 = −N2dt2 +N−2 [dr2 + (r2 +Q2 −M2 − q2)(dθ2 + sin2 θdφ2)] . (111)
The lapse function N , the electrostatic potential Φ and the dilaton field ϕ
are given by
N2 =
(
1− M
2
α
Q2α
) 1
1+α2 e
2α
1+α2
(αM−q)√
Q2−M2−q2
λ
cos
2
1+α2

√ Q2α−M2α
Q2−M2−q2 λ+ arctan

 MαQα√
1−M
2
α
Q2α




, (112)
Φ =
1√
1 + α2

Mα
Qα
−
√
1− M
2
α
Q2α
tan


√
Q2α −M2α
Q2 −M2 − q2λ+ arctan

 MαQα√
1− M2αQ2α





 ,
e2ϕ =
(
1− M
2
α
Q2α
) α
1+α2 e
− 2
1+α2
(αM−q)√
Q2−M2−q2
λ
cos
2α
1+α2

√ Q2α−M2α
Q2−M2−q2λ+ arctan

 MαQα√
1−M
2
α
Q2α




.
The equations for the photon sphere (85) possesses solutions only for M , Q
and q subject to the inequality
α(αM − q) +
√
Q2α −M2α tan
[√
1 + α2
√
Q2α −M2α√
Q2α −M2α − (q − αM)2
+ arctan
(
Mα√
Q2α −M2α
)]
≥ −1
2
√
1 + α2
√
Q2α −M2α − (q − αM)2 cot(λc) (113)
where the critical value λc of λ is given by
tan(λc) =
√
Q2α −M2α − (q − αM)2
Q2α −M2α + (1 + 2α2)(q − αM)2
{
−α
√
1 + α2(αM − q)
− 1√
2
√
α2[M2α −Q2α + 3(q − αM)2] +Q2α −M2α + (q − αM)2
}
(114)
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with the additional restriction
(q − αM)2 > α
2 − 1
1 + 3α2
(Q2α −M2α) (115)
for α2 > 1.
This way we proved the following theorem:
Theorem 5.2. Let (L4ext, g, F, ϕ) be a static and asymptotically flat spacetime
with given mass M , electric charge charge Q and dilaton charge q, satisfying
the Einstein-Maxwell-dilaton equations and possessing a non-extremal photon
sphere as an inner boundary of L4ext. Assume that the lapse function regularly
foliates L4ext. Then (L
4
ext, g, F, ϕ) is isometric to one of the spherically sym-
metric solutions described above with M , Q and q subject to the corresponding
inequalities given above.
6 Conclusion
In the present paper we considered the problem for the classification of the static
and asymptotically flat EMD spacetimes possessing a photon sphere. We first
proved that photon spheres in EMD gravity have constant mean curvature and
constant scalar curvature and derived some relations between the mean curva-
ture of the photon sphere and its physical characteristics. Using further the
symmetries of the dimensionally reduced EMD equations we showed that the
lapse function, the electrostatic potential and the dilaton field are functionally
dependent. Then, assuming that the photon sphere is non-extremal we proved
that the static and asymptotically flat EMD spacetimes are spherically symmet-
ric. Finally we derived all static and asymptotically flat spherically symmetric
EMD solutions with a photon sphere which are fully specified in terms of the
massM , the electric charge Q and the scalar charge q subject to certain inequal-
ities. Our results were derived under the natural technical assumption that the
lapse function regularly foliates the spacetime outside the photon sphere. This
assumption and the connectedness of the photon sphere can be easily dropped
only in the ”black hole case” but not in the general case. In simple words, in
the black hole case we can continue the solutions inside the photon sphere(s) to
the black hole horizon and then we can apply the static black hole uniqueness
theorem approach [28] as shown in [19, 22]. However, this technique, at least
in the form used in [19, 22], can not be applied in the general case (i.e. for
non-black hole spacetimes). In most cases we formally have naked singularities
and there is no horizon inside the photon sphere.
The natural generalization of the present paper is to consider higher di-
mensional spacetimes. With some additional assumptions compared to the
4-dimensional case, our results can be extended to the case of higher dimen-
sional EMD gravity, which includes higher dimensional vacuum Einstein and
Einstein-Maxwell equations as particular cases. These results will be presented
elsewhere.
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